The ability to control electronic states at the nanoscale has contributed to our modern understanding of condensed matter. In particular, quantum dot circuits represent model systems for the study of strong electronic correlations, epitomized by the Kondo effect 1,2,3 . Here, we show that circuit Quantum Electrodynamics architectures can be used to study the internal degrees of freedom of such a manybody phenomenon. We couple a quantum dot to a high finesse microwave cavity to measure with an unprecedented sensitivity the dot electronic compressibility i.e. the ability of the dot to accommodate charges. Because it corresponds solely to the charge response of the electronic system, this quantity is not equivalent to the conductance which involves in general other degrees of freedom such as spin. By performing dual conductance/compressibility measurements in the Kondo regime, 2 we uncover directly the charge dynamics of this peculiar mechanism of electron transfer. Strikingly, the Kondo resonance, visible in transport measurements, is 'transparent' to microwave photons trapped in the high finesse cavity. This reveals that, in such a many body resonance, finite conduction is achieved from a charge frozen by Coulomb interaction. This previously elusive freezing of charge dynamics 4,5,6 is in stark contrast with the physics of a free electron gas. Our setup highlights the power of circuit quantum electrodynamics architectures to study condensed matter problems. The tools of cavity quantum electrodynamics could be used in other types of mesoscopic circuits with many-body correlations 7,8 and bring a promising platform to perform quantum simulation of fermion-boson problems.
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In a free electron gas, electrical conduction is carried by mobile charges. Its compressibility = with N the number of electrons and  the chemical potential is simply the density of states at the Fermi energy. It is therefore directly linked to the finite conductivity of the system. This explains for example why both the compressibility and the conductivity provide essentially the same piece of information for alkali metals. But what happens in the case of a strongly correlated electronic gas? A paroxysmal situation is that of an electron localized on a single site with strong Coulomb repulsion, coupled to a continuum of electronic states [1] [2] [3] [4] [7] [8] [9] . Through its link to the Kondo problem, such a configuration, besides its apparent simplicity, is relevant for understanding different types of strongly correlated gases, ranging from heavy fermions to high Tc superconductors 4,9 , and therefore a priori relevant for many condensed matter problems.
A single localized level is expected to have a much smaller electronic compressibility than a piece of metal, since its density of states at the Fermi energy is dramatically reduced. How one could measure the tiny compressibility of a single localized state? Such a measurement requires first to isolate in a controlled manner a single electron, which can be conveniently done using a quantum dot (QD) circuit, but also to measure its tiny effective capacitance, which is equivalent to the compressibility of an electron gas. Although this can be done using low frequency as well as microwave techniques [10] [11] [12] [13] , it has been shown recently that this could be achieved alternatively with an unprecedented sensitivity using a circuit Quantum Electrodynamics architecture 14 .
Importantly, since the first compressibility measurements in quantum dots 10 , correlation effects have been sought for. Our work is the first where correlations effects are directly (and qualitatively) visible in the compressibility of a quantum dot circuit 5, 6 . For that purpose, we use the prototype example of the Kondo regime. The principle of our measurement architecture is shown in figure 1a : the finite compressibility  shifts the frequency of the microwave resonator (as shown in figure 1b), used here as a non-invasive probe (see Methods). This frequency shift, read-out from the phase of the microwave signal, is only sensitive to variations of the dot charge, in contrast with the conductance for which all degrees of freedom can contribute (charge and spin). The linewidth of the cavity and the electron-photon coupling strength set the limit to the smallest detectable 
The experimental setup is shown in figure 1c . A single quantum dot circuit made out of a single wall carbon nanotube is embedded in a coplanar wave guide cavity and coupled capacitively 15 to it (see Methods). We measure simultaneously the DC current flowing through the quantum dot and the phase and amplitude of the transmitted microwave signal at the cavity frequency (fcav=6.67129 GHz). Such a setup allows us to characterize accurately the electron-photon interaction-which is essential for performing a compressibility measurement. The nature and the strength of the electron-photon coupling in our device is calibrated using a well-known situation, the Coulomb blockade in the linear regime (bias eVsd<kBT, figure 2c ). In that case, electron transport only occurs when the electron gas in the QD has a finite density of states at the Fermi energy, which also corresponds to a finite compressibility [17] [18] [19] . Because the finite compressibility is linked to back and forth tunnelling of electrons between the QD and the leads, it creates a dipole which couples to the cavity (see figure 2e , top panel). The compressibility can therefore be read out through a shift of the resonance frequency of the cavity. This yields the corresponding phase shift Δ = 2 2 ℏ / for the transmitted microwave signal, where  and g correspond respectively to the linewidth of the cavity and the electron-photon coupling strength (see Methods). The compressibility of the quantum dot depends on the linewidth of a Coulomb 5 peak. Using a well-established theory (see Methods), we find for all the Coulomb peaks studied g~2x (65MHz+/-15MHz) 20 . In that case, the compressibility d  can also be viewed as the zero-frequency charge susceptibility, which stems from the retarded correlator ( ) = − ( )〈[̂( ),̂(0)]〉 , where ̂( ) is the electron number operator of the dot and ( ) is a step function (see Methods). As a conclusion, in the Coulomb blockade regime, both finite conductance and compressibility only arise from the ability of the mobile charges to tunnel in or out of the dot. Importantly, our cQED architecture resolves well a very small compressibility, of the order of 1000 (eV) -1 , corresponding to 160aF, with about 1aF resolution. This is about 7 orders of magnitude smaller than the compressibility of a piece of metal of (1m) 3 . Remarkably, our sensitivity corresponds to a charge of about 2.5 × 10 −4 , which is about an order of magnitude lower than the charge sensitivity of an RF-SET setup 21 and 3 orders of magnitude lower than low frequency techniques 10, 11 .
The physics becomes strikingly different in the Kondo regime. For that purpose, we tune the gate of the device to Vg~2.5V, where meV, and EC2.25 meV. As shown in figure 3a , the conductance colour-scale plot displays softer Coulomb diamonds with horizontal Kondo ridges close to zero bias. The observation of several adjacent Kondo ridges is consistent with previous observations in carbon nanotubes 16 . It arises from the existence of additional degeneracies besides the spin in the spectrum of the nanotube.
From the width of the zero bias peaks, we can estimate a Kondo temperature of about 5K.
The main result of this paper is presented in figure 3b . Whereas there is a finite zero bias peak in the conductance (and therefore in the density of states of the dot), the simultaneously measured phase contrast shows that this density of states does not body state does not contribute to the compressibility, because it arises from virtual tunnelling processes. Therefore, our measurements strongly suggest that the Kondo resonance in the conductance, also called Abrikosov-Suhl-Nagaoka resonance, is associated to the fluctuations of the spin degree of freedom whereas the charge fluctuations in the dot are frozen. Interestingly, the NRG data is also able to reproduce the shift between the conductance and compressibility charge peaks around +/-2mV. We speculate that this might be a correlation effect related to an interaction-driven renormalization of the system parameters.
The temperature dependence of the cavity and transport signals further confirms that the conductance and the compressibility obey different physical principles governed by different energy scales. When the temperature increases, the many-body Kondo resonance decreases logarithmically on a temperature scale set by TK, as shown in figure   4a . The residual compressibility Vin the valley evolves on a different temperature scale than the many-body Kondo resonance, as it is simply due to single electron tunnelling and set by (V  -0.13/() at T=0 from the NRG data). A linear fit to the data plot in log-linear scale in the high temperature range gives a logarithmic law of about −0.18 ( / ) for the conductance and of about −0.73 ( /Γ) for the compressibility. In figure 4b , we show the corresponding plots obtained by NRG. We find that they are in good agreement with the experimental data. In particular, the NRG data in figure 4b indicate that the temperature dependence for the conductance is governed by TK whereas for the compressibility it is governed by . It is important to note however that extracting accurately the value of from our experimental data is not straightforward here because the apparent spectral (dI/dV) width of the charge resonance has been observed to depend on interaction (see Methods). This is also seen in the NRG data in figure 3d . This can explain why the temperature scale for the down-turns for the conductance and the compressibility are less separated in our experimental data than in the NRG data. Nevertheless, both the distinct slopes and the separate down-turns show that the conductance and the compressibility are affected by temperature with different mechanisms. This directly stems from the decoupling of the charge and spin degrees of freedom in a Kondo cloud.
In conclusion, we have directly observed the freezing of charge dynamics which is a crucial feature of a Kondo resonance. Our dual conductance/compressibility measurements illustrate the fundamental difference between a Kondo resonance and a simple resonant level where many body effects are absent.
Our setup can be generalized to many types of mesoscopic circuits 22,23,24 and could be transposed in the optical domain to probe the compressibility of other types of conductors. It could be used to study in a controlled manner some important fermionboson problems. Electron-phonon interactions in solids could be simulated by using the analogy between phonons and the photons in our cavity. Furthermore, the cavity photons are slow here with respect to the electrons of the dot (ℎ ≪ , Γ, TK), a situation that has allowed us to probe non-invasively the low frequency charge dynamics of the QD, relevant to understand the DC properties of our system. We expect to access dynamical aspects of tunnelling 14, 25 and Kondo physics if one of these inequalities is not fulfilled. Among the perspectives offered by our findings, one could also imagine to inject suddenly a coherent field in the cavity to perform a quantum quench of the system which could give interesting insights into the dynamics of the Kondo cloud. 
METHODS

Fabrication of the devices and measurement techniques. A 150nm thick Nb film is
first evaporated on an RF Si substrate at rate of 1nm/s and a pressure of 10 -9 mbar. The cavity is made subsequently using photolithography combined with reactive ion etching Link between the phase shift of the microwave signal and the compressibility. The transmission of the cavity in the frequency domain is shifted by ℏ 2 /2 , where is the compressibility and the electron-photon coupling constant (see below):
where is the linewidth of the cavity.
We measure the transmission at resonance = . This yields:
Hence, for small phase shifts,
This expression holds for any electronic system as long as the linear and adiabatic regime are reached. The parameter  ~ 2x 0.3 MHz, yielding a quality factor Q= fcav/ =18 000, can be measured directly from the transmission spectrum of the cavity (Figure 1b) . At low temperatures, in the simplest case, the compressibility reads: with S = 0.7meV and D = 4µeV can be determined from the conductance measurements (see figure 2) which also allow us to extract the charging energy EC=3.5 meV. As a consequence, the joint conductance / phase measurements presented in figure 2c allow us to directly determine the electron-photon coupling constant g on each Coulomb peak, g~2x (65MHz+/-15MHz). The negative sign observed for the phase contrast shows directly that the dot reduces the frequency of the resonator. Therefore, the effective admittance of the QD circuit is that of an effective capacitance in parallel with the capacitance of resonator. This stems from the fact that cavity photons are coupled to the gate (and therefore d), but not to the source-drain contacts. This feature of our setup is crucial to ensure that we measure only the compressibility of the electron system in the quantum dot, which was not the case in a previous experiment in the Kondo regime 17 (See below for an extensive discussion)
The large coupling strength found is consistent with our circuit design, shown in figure   1c , It is instructive to evaluate the general form of the dot response in the adiabatic and noninteracting regime. We may define:
where ( − ) is the density of states of the dot. Using for example the Keldsyh formalism, we get :
Where correspond to the anti-symmetric modulation = − = − = 2 .
The above expressions show the equivalence between a compressibility measurement and a conductance measurement in the non-interacting regime.
at zero bias is absent from
Alternative scenario for the 'transparent' Kondo resonance. In the Kondo regime, we have seen that the conductance peak at zero bias is absent from the cavity signal.
Could this conductance peak be attributed to another level, pinned at zero bias, with a chemical potential ′ which is not coupled to the cavity?
From the bias dependence, this level has a width Γ′ = T k . Its conductance appears and disappears at some gate voltage . The conductance depends only on the chemical potential and Γ′ of the level. As the chemical potential is not coupled to the cavity, the gate has also no influence on it, so ′ ~ 0. Therefore, the level should have at least one of its Γ′, for example Γ′ , that depends on the gate :
The conductance appears as a lorentzian with respect to the bias voltage V SD , so the charge number ′ is : where Pr denotes the Cauchy principal value.
The NRG method divides the entire energy range into discrete sectors of the logarithmic scale, and integrates the high-energy sectors iteratively until the required low-energy sector is reached. In this iterative procedure, it is important to keep the same level of accuracy for the higher-energy sectors (earlier stage of the iteration) because we are interested in the high-energy regime (~, ) as well as the low-energy range (| | < ). To achieve this goal, we adopt the density-matrix NRG method 30, 31 , where the dynamical excitation spectral density is obtained from the reduced density matrix of each energy sector. In order to enhance the speed and efficiency in the sampling of the spectral peaks in the logarithmic energy scale, we have also used the so-called z-trick 32 . Typically we take the z-average over 32 different z values. In this NRG study, we have found two interesting high-energy properties that have been largely overlooked in previous studies (which mostly have focused on low-energy properties): (i) The charging peak at ≈ of the compressibility is shifted from that of the conductance by an amount comparable to . This shift is clearly observable in the experimental result.
(ii) The width of the
